Symmetry witnesses by Aniello, Paolo & Chruscinski, Dariusz
ar
X
iv
:1
70
3.
05
54
6v
1 
 [q
ua
nt-
ph
]  
16
 M
ar 
20
17
Symmetry witnesses
Paolo Aniello1,2 and Dariusz Chrus´cin´ski3
1Dipartimento di Fisica “Ettore Pancini”, Universita` di Napoli “Federico II”,
Complesso Universitario di Monte S. Angelo, via Cintia, I-80126 Napoli, Italy
2Istituto Nazionale di Fisica Nucleare, Sezione di Napoli,
Complesso Universitario di Monte S. Angelo, via Cintia, I-80126 Napoli, Italy
3Institute of Physics, Faculty of Physics, Astronomy and Informatics,
Nicolaus Copernicus University,
Grudziadzka 5, 87100 Torun´, Poland
Abstract
A symmetry witness is a suitable subset of the space of selfadjoint trace class operators that
allows one to determine whether a linear map is a symmetry transformation, in the sense of
Wigner. More precisely, such a set is invariant with respect to an injective densely defined
linear operator in the Banach space of selfadjoint trace class operators (if and) only if this
operator is a symmetry transformation. According to a linear version of Wigner’s theorem,
the set of pure states — the rank-one projections — is a symmetry witness. We show that an
analogous result holds for the set of projections with a fixed rank (with some mild constraint
on this rank, in the finite-dimensional case). It turns out that this result provides a complete
classification of the sets of projections with a fixed rank that are symmetry witnesses. These
particular symmetry witnesses are projectable; i.e., reasoning in terms of quantum states, the
sets of ‘uniform’ density operators of corresponding fixed rank are symmetry witnesses too.
1 Introduction
Wigner’s theorem [1–9] is one of the pillars of quantum mechanics. It expresses with adamantine
clarity the fact the symmetry transformations of quantum mechanics are associated, in a natural
way, with the elements of the unitary-antiunitary group of the relevant Hilbert space, modulo
phase factors. The theorem can be derived in several ways and formulated in several essentially
equivalent forms — see, e.g., [4–9], and references therein — and it has given rise to an evergreen
area of research between theoretical physics and mathematics [10,11]. The literature on this topic
is so vast that it would be futile to try to give an account of it here (in addition to the previous
references, we will content ourselves with resuming a few salient facts in sect. 2).
In our present contribution, we will look at Wigner’s theorem from a perspective close to the
theory of open quantum systems and to quantum information science [12–15], where one typically
considers both the pure and the mixed states of a quantum system. In this context, one very
often deals with linear maps in the space of trace class operators (the linear space where the
quantum states live) that are positive and trace-preserving. The symmetry transformations, in
the sense of Wigner, are obviously maps of this kind. Notice, however, that symmetries in Wigner’s
seminal work were originally regarded as maps on pure states only. Linearity, or convex linearity,
appear in subsequent formulations involving maps defined on more general structures (e.g., the
so-called Kadison and Jordan-Segal automorphisms, see [4]). It turns out that linearity is quite a
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strong assumption, so that one of the main hypotheses of the classical formulation of Wigner —
preservation of the transition probabilities — can be skipped in the linear setting.
Recently, an interesting partial generalization of the linear version of Wigner’s theorem has
been obtained [16]. It stems from a very natural problem: Given a linear map acting in the
space of (finite-dimensional) hermitian matrices, which preserves the set of projections of a fixed
rank, for what values of this rank one can conclude that the map is a symmetry transformation?
Introducing a notion of symmetry witness — a suitable subset of the space of hermitian matrices
or, more generally, of the space of selfadjoint trace class operators — the given problem can be
reformulated as follows: When the set of projections of a fixed rank is a symmetry witness? By
the linear version of Wigner’s theorem (see Theorem 1 infra) the set of pure states — the rank-one
projections — is a symmetry witness.
Methods developed in [16] provide a complete solution of the problem in the case where the
Hilbert space dimension is a prime number, but with some further insights that turn out to be
essential for the solution of the general problem; solution that is the main result of our paper.
With the previously outlined picture in mind, we will consider suitable linear operators in
the Banach space of selfadjoint trace class operators that map the set of projections of a given
rank onto itself. Wigner’s theorem deals with the most relevant case: the rank-one projections
are preserved. We do not put restrictions on the dimension of the carrier Hilbert space (we just
neglect the trivial one-dimensional case), and we do not assume that our maps be positive and/or
trace-preserving; thus we are in the same setting of the linear version of Wigner’s theorem. We
will prove that in the infinite-dimensional case preservation of the projections of an arbitrarily
fixed rank leads to a symmetry transformation. In the finite-dimensional case, the only natural
constraint — the relevant value of the rank is smaller than the Hilbert space dimension n — is
assumed if n is odd or n = 2; for n ≥ 4 and even, the value n/2 must be also discarded. A simple
counter-example shows why. This result gives a complete classifications of the sets of projections
of a fixed rank that are symmetry witnesses. Reasoning in terms of quantum states, this result
amounts to providing a complete classification of the sets of ‘uniform’ density operators of a fixed
(finite) rank that are symmetry witnesses.
The paper is organized as follows. In sect. 2, we will fix the notations and then outline the
conceptual framework underlying our work, establishing some basic facts and providing a formal
definition of a symmetry witness. Some useful technical facts will be proved in sect. 3. A reader
who is not interested in these technicalities may go directly to sect. 4, where we will derive our
main results. Finally, in sect. 5, conclusions will be drawn.
2 Background and notations
In this section, we will fix the main assumptions and notations, and we will briefly describe the
general conceptual background of our work. In particular, we will introduce a notion of symmetry
witness.
In the following, we will consider a separable complex Hilbert space H, with dim(H) ≥ 2
(apart from neglecting the trivial case dim(H) = 1, we do not put restrictions on dim(H)), and
the real Banach space B1(H)s of selfadjoint trace class operators in H. The convex body of
density operators in H — the unit trace, positive trace class operators — will be denoted by
S (H) ⊂ B1(H)s. The set of all (selfadjoint) projections of rank k ∈ N will be denoted by
Pk(H), and hence, in particular, P1(H) ⊂ S (H) will indicate the set of pure states. The symbol
F (H)s will denote the (dense) linear manifold of all selfadjoint operators of finite rank; i.e.,
F (H)s := spanR(P1(H)).
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The (unique) canonical spectral decomposition of an operator in B1(H)s, which converges in
the trace norm, will often be regarded as a (in general, non-unique) real linear combination of
mutually orthogonal rank-one projections, again converging in the trace norm. Clearly, this just
amounts to decomposing the spectral projections of a selfadjoint trace class operator into mutually
orthogonal minimal projections.
We will also consider the sets
B1(H)
+
∗
:= {A ∈ B1(H) : A ≥ 0, A 6= 0} , B1(H)
−
∗
:= −B1(H)
+
∗ , (1)
B1(H)
±
∗
:= B1(H)
+
∗ ∪B1(H)
−
∗ , (2)
and we will denote by ̟ the natural projection map of B1(H)
±
∗ onto S (H):
̟ : B1(H)
±
∗ ∋ A 7→ tr(|A|)
−1 |A| ∈ S (H) . (3)
The set Sk(H)u := ̟(Pk(H)) consists of all uniform density operators of rank k; namely, of
all mixed states whose eigenvalues form a uniform (i.e., constant) probability distribution; in
particular, S1(H)u ≡ P1(H) and, if n = dim(H) < ∞, Sn(H)u = {ρ⋆}, where ρ⋆ := n
−1I is the
maximally mixed state.
In the finite-dimensional case, clearly F (H)s = B1(H)s = B(H)s (regarded as linear spaces),
and we find it convenient to use the ‘neutral’ symbol B(H)s. In this case, given a projection P ,
we will denote by P⊥ the projection onto the orthogonal complement of the subspace ran(P ) of
H; i.e., P 7→ P⊥ := I − P is the orthocomplementation map.
The celebrated theorem of Wigner, in its elegant original formulation, states that a bijective
map of P1(H) onto itself, preserving the transition probabilities — tr(P Q), P,Q ∈ P1(H) — has
the well known canonical form of a symmetry transformation associated with an operator in H,
which is either unitary or antiunitary [1, 2, 4–7], and unique modulo phase factors.
As previously mentioned, the theorem has been reformulated giving rise to several alternative
versions, according to various possible purposes and applications. We will consider here a linear
— namely, involving linear operators in the Banach space B1(H)s — version of the theorem.
Theorem 1 (Wigner). Let Φ be a linear operator in B1(H)s, defined on the dense domain
dom(Φ) = F (H)s = spanR(P1(H)), and mapping the set P1(H) of pure states onto itself. Then,
Φ is closable, and its closure Φ̂ is a surjective isometry of the form
Φ̂(A) = UAU∗, ∀A ∈ B1(H)s , (4)
where U is a unitary or antiunitary operator in H, uniquely defined up to multiplication by a phase
factor.
Proof. By the spectral decomposition of a selfadjoint finite rank operator (regarding each spectral
projection as a sum of mutually orthogonal rank-one projections), and exploiting the fact that
P1(H) is mapped by Φ into itself, one finds out that Φ is positive, trace-preserving and bounded
on its dense domain. Hence, Φ is closable and its closure Φ̂ is a bounded operator defined on
dom(Φ̂) = B1(H)s. Notice that, by the spectral decomposition of a selfadjoint trace class operator,
which converges in the trace norm, one concludes as above that Φ̂ is a trace-preserving and positive
too. Moreover, the spectral decomposition also implies that ran(Φ̂) = B1(H)s, because Φ̂ is
bounded and Φ̂(P1(H)) = P1(H).
The fact that Φ̂ is a surjective positive linear map, mapping the set of all pure elements of the
positive cone B1(H)
+ of B1(H)s (i.e., the rank-one positive operators [12]) into itself — namely, a
surjective pure positive map — entails, by a classical result of Davies (Theorem 3.1 of [17]; also see
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Theorem 3.1, in chapt. 2 of [12]), that Φ̂ is of the form A 7→ UAU∗, where U is a bounded linear
or antilinear operator in H. This operator must be, in particular, either unitary or antiunitary.
Indeed, by assumption Φ̂(P1(H)) = (P1(H)), and it is easy to see that this condition implies
that U maps the unit sphere of H onto itself. (One arrives to the same conclusion exploiting the
fact that Φ̂ is trace-preserving and surjective.) Clearly, the essential uniqueness of the unitary or
antiunitary operator U in (4) is guaranteed by the standard version of Wigner’s theorem.
Still another version of Wigner’s theorem can be considered the following result.
Theorem 2. Let Φ be a linear operator in B1(H)s, defined on dom(Φ) = F (H)s, and mapping
the convex set FS (H) := F (H)s ∩ S (H) bijectively onto itself. Then, Φ is closable, and its
closure Φ̂ is a surjective isometry of the canonical form (4); namely, a symmetry transformation.
Proof. We first note that
ran(Φ) = Φ(spanR(FS (H)) = spanR(Φ(FS (H))) = spanR(FS (H)) = F (H)s . (5)
Observe, moreover, that Φ maps P1(H) into itself. In fact, let P be a rank-one projection in
H, and let J a finite-dimensional subspace of H such that ran(Φ(P )) ⊂ J . Clearly, Φ(P ) is an
extreme point of the convex set S (J ) ⊂ FS (H), because Φ(P ) = αS+(1−α)T , with 0 < α < 1
and S, T ∈ S (J ), implies that
P = αΦ−1(S) + (1− α)Φ−1(T ) , (6)
where — taking into account that Φ maps FS (H) bijectively onto itself — with a slight abuse we
have denoted by Φ−1(S), Φ−1(T ) the unique density operators in the sets Φ−1({S}) and Φ−1({T}),
respectively. Hence, Φ−1(S) = Φ−1(T ) = P and Φ(P ) = S = T is a pure state, as claimed.
Since Φ(P1(H)) ⊂ P1(H), as in the proof of Theorem 1 we argue that Φ is positive, trace-
preserving and bounded on its dense domain. Hence, Φ is closable and its closure Φ̂ is a trace-
preserving, positive bounded operator defined on dom(Φ̂) = B1(H)s. Then, Φ̂ is a pure positive
map whose dense range contains F (H)s so that — by Theorem 3.1 of [17] — for every A ∈ B1(H)s,
Φ̂(A) = UAU∗, where U is a bounded linear or antilinear operator in H. Finally, the fact that
Φ̂ is trace-preserving entails that U is a (linear or antilinear) isometry: U∗U = I; but actually a
unitary or antiunitary operator, because ran(Φ̂) ⊃ F (H)s is dense in B1(H)s.
Remark 1. The previous result is closely related to the following fact. Let Φ be a linear operator
— with dom(Φ) = B1(H)s = spanR(S (H)) (every element of B1(H)s can be expressed as a linear
combination of two density operators) — mapping the convex set S (H) of all states bijectively
onto itself. The restriction of Φ to S (H) (which preserves the convex structure) is a Kadison
automorphism [3, 4], and then it acts as a symmetry transformation on density operators. It
follows that Φ is bounded and acts in the same way on the whole space B1(H)s = spanR(S (H)).
Recently, it has been proved the following interesting fact [16], which partially generalizes
Wigner’s theorem.
Theorem 3 (Sarbicki et al.). For n = dim(H) < ∞ prime number, let Φ: B(H)s → B(H)s,
B(H)s ≡ B1(H)s, be a linear map mapping Pk(H) — with k < n — bijectively onto itself. Then,
Φ is a surjective isometry of the form
Φ(A) = UAU∗, ∀A ∈ B(H)s , (7)
where U is a unitary or antiunitary operator in H.
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Inspired by the previous results, and considering the general case of a possibly infinite-
dimensional Hilbert space, we introduce the following notion.
Definition 1 (Symmetry witnesses). A symmetry witness candidate is a setW ⊂ B1(H)s, invari-
ant with respect to every unitary or antiunitary transformation, such that its (real) linear span
— spanR(W) — is dense in B1(H)s; i.e., such that spanR(W) = B1(H)s. A symmetry witness
candidateW is called a symmetry witness if every injective linear operator Φ in B1(H)s — defined
on dom(Φ) = spanR(W), and mapping W onto itself: Φ(W) = W — is of the canonical form
Φ(A) = UAU∗, ∀A ∈ spanR(W), for some unitary or antiunitary operator U in H.
Remark 2. Let W be a symmetry witness candidate and Φ a linear operator in B1(H)s, defined
on dom(Φ) = spanR(W), and mapping W onto itself. Then, exploiting the fact that Φ(W) =
W, it is straightforward to conclude that Φ maps spanR(W) onto itself. Therefore, one can
equivalently characterize a symmetry witnessW as a symmetry witness candidate such that every
linear operator Φ in B1(H)s, with dom(Φ) = spanR(W), mapping spanR(W) bijectively onto
itself and leaving W invariant, Φ(W) = W, has the canonical form of a unitary or antiunitary
transformation.
Remark 3. Given a symmetry witness W and an injective linear operator Φ, with dom(Φ) =
spanR(W), which leaves W invariant, Φ is closable and its closure Φ̂ is a surjective isometry of
the form (4); i.e., a symmetry transformation in B1(H)s. More generally, given a closed injective
linear operator in B1(H)s whose domain contains spanR(W), one can ascertain whether it is a
symmetry transformation by checking whether it leaves W invariant.
By Theorem 1, the set of pure states P1(H) is a symmetry witness. By Theorem 2 and by
Remark 1, the convex body S (H) of all states and the convex set FS (H) ⊂ S (H) of finite-rank
density operators are symmetry witnesses as well. Theorem 3 provides a partial classification of the
sets of projections of a fixed rank that are symmetry witnesses. These examples suggest a further
characterization of symmetry witnesses. We will say that a symmetry witness (candidate) W is
positive, negative or signed if it is contained in B1(H)
+
∗, B1(H)
−
∗ or B1(H)
±
∗ , respectively. Clearly, if
W is a signed symmetry witness candidate, then its image W˘ through ̟ — W˘ := ̟(W) ⊂ S (H)
— is a symmetry witness candidate too: if A ∈ W ⊂ B1(H)
±
∗, then UAU
∗ ∈ W, for any unitary
or antiunitary operator in H, so that
U̟(A)U∗ = tr(|A|)−1U |A|U∗ = tr(|UAU∗|)−1 |UAU∗| = ̟(UAU∗) ∈ W˘ . (8)
Definition 2 (Projectable symmetry witnesses). We will say that a signed symmetry witness is
projectable if its image through ̟ is a symmetry witness too.
Remark 4. Obviously, every positive symmetry witness whose elements have a fixed value of the
trace is projectable. E.g., if Pk(H) is a symmetry witness, then it is projectable; i.e., Sk(H)u is
a symmetry witness too.
Størmer [18] has very recently proved another interesting theorem of the ‘Wigner type’ which
involves unital positive maps acting in the complex Banach space B(H) of bounded operators
in H. Restricting to selfadjoint operators — i.e., to the real Banach space B(H)s — we get the
following equivalent formulation.
Theorem 4 (Størmer). Let φ : B(H)s → B(H)s be a unital positive linear map mapping Pk(H),
k < dim(H), onto itself. Then, φ is of the form
φ(A) = UAU∗, ∀A ∈ B(H)s , (9)
where U is a unitary or antiunitary operator in H.
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A comparison with Theorem 3 suggests, however, that, at least in the finite-dimensional case,
the assumptions of positivity and unitality in Theorem 4 may be dispensed with. We will clarify
this point in sect. 4.
A further remarkable classical version of Wigner’s theorem is due to Ulhorn [19]. As Wigner’s
seminal result it concerns maps defined on pure states only, but it relies on a slightly weaker as-
sumption: only the vanishing transition probabilities are preserved (notice that, given projections
P,Q ∈ B1(H)s, P Q = 0 ⇔ tr(P Q) = 0). The following result, due to Sˇemrl [20], is a general-
ization of Ulhorn’s theorem including maps acting on projections of a fixed rank. Recall that the
hypothesis that the dimension of the relevant Hilbert space is at least three is a distinguishing
feature of Ulhorn’s theorem.
Theorem 5 (Sˇemrl). Let Φ: Pk(H) → Pk(H) — with 2 ≤ 2k < dim(H) — be a bijection that
preserves orthogonality in both directions, i.e.,
P Q = 0 ⇐⇒ Φ(P )Φ(Q) = 0 , P,Q ∈ Pk(H) . (10)
Then, Φ is of the form
Φ(P ) = UP U∗, ∀P ∈ Pk(H) , (11)
where U is a unitary or antiunitary operator in H.
Proof. The original result is worked out in the case where dim(H) = ∞, but it is clear from the
proof that it does hold in the case where 2 ≤ 2k < dim(H) < ∞, as well; also see the remark on
p. 572 of [20].
Theorem 5 will turn out to be central in the proof of our main result, i.e., of Theorem 6 infra.
3 Technical interlude
Before stating and proving the main results of the paper — see sect. 4 — in this section we need
to establish some useful facts.
We start with two simple technical lemmas.
Lemma 1. For every k ∈ N — with k < dim(H) — spanR(Pk(H)) = F (H)s.
Proof. It is a well known elementary fact that every rank-one projection can be written as a (real)
linear combination k + 1 elements of Pk(H), whenever k < dim(H). The assertion immediately
follows.
Lemma 2. For n = dim(H) < ∞, let Φ: B(H)s → B(H)s be a linear map which maps Pk(H)
— with k < n — onto itself: Φ(Pk(H)) = Pk(H). Then, Φ maps B(H)s bijectively onto itself.
Proof. Since, by Lemma 1, spanR(Pk(H)) = F (H)s = B(H)s (n = dim(H) < ∞) and Φ maps
Pk(H) onto itself, it is easy to check that ran(Φ) = B(H)s. Thus, Φ is a surjective linear map from
B(H)s onto itself and dim(B(H)s) = n
2 <∞, so that dim(ker(Φ)) = 0 and Φ is bijective.
We are now ready to prove the main facts of this section. The first result is a generalization
of Proposition 1 of [16], and takes into account, in particular, the fact that the Hilbert space we
deal with may be infinite-dimensional. Next, a simple observation — Proposition 2 below — will
allow us to obtain a suitable refinement of this result, refinement that will be central in the proof
of the main theorem.
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Proposition 1. Let Φ be a linear operator in B1(H)s, defined on dom(Φ) = F (H)s. Suppose
that for some k ∈ N — with 2k ≤ dim(H), if dim(H) <∞ — Φ maps Pk(H) onto itself. In the
case where dim(H) =∞ and k > 1, assume also that Φ is injective. Then, Φ preserves the mutual
orthogonality in Pk(H):
P,Q ∈ Pk(H) , P Q = 0 =⇒ Φ(P )Φ(Q) = 0 . (12)
Proof. By Theorem 1, relation (12) is true for k = 1 (note, however, that the following proof
works for dim(H) <∞ and k = 1, as well).
The statement is proven if we show that Φ maps P2k(H) into itself. Indeed, in this case, we
have:
P,Q ∈ Pk(H), P Q = 0 =⇒ Φ(P +Q) = Φ(P ) + Φ(Q) ∈ P2k(H), Φ(P ),Φ(Q) ∈ Pk(H)
=⇒ Φ(P )Φ(Q) = 0 . (13)
Then, let PK be the orthogonal projection onto a 2k-dimensional subspace K of H. Let
us express PK as the sum of two — necessarily mutually orthogonal — projections of rank k:
PK = P +Q, P,Q ∈ Pk(H). Setting Pˇ ≡ Φ(P ) ∈ Pk(H), Qˇ ≡ Φ(Q) ∈ Pk(H) and PˇK ≡ Φ(PK),
it turns out that
ran(Pˇ ), ran(Qˇ) ⊂ ran(PˇK) . (14)
In fact, we have that
ran(Pˇ ) = ker(Pˇ )⊥ ⊂
(
ker(Pˇ ) ∩ ker(Qˇ)
)⊥
=
(
ran(Pˇ )⊥∩ ran(Qˇ)⊥
)⊥
= ran(Pˇ ) + ran(Qˇ)
= ran(Pˇ + Qˇ) = ran(PˇK) , (15)
and analogously ran(Qˇ) ⊂ ran(PˇK). Hence, denoting by Pk(K) ⊂ Pk(H) the set of projections
of rank k with range contained in K, we conclude that
ran(Φ(P )) ⊂ Kˇ ≡ ran(PˇK) , ∀P ∈ Pk(K) . (16)
Denoting by B(K)s, B(Kˇ)s, the spaces of all (finite rank) linear selfadjoint operators in H with
range contained in K and Kˇ, respectively, by the previous relation we have that
Pˇk(K) := Φ(Pk(K)) ⊂ Pk(Kˇ) ⊂ B(Kˇ)s (17)
and, because spanR(Pk(K)) = B(K)s,
Bˇ(K)s := Φ(B(K)s) = Φ(spanR(Pk(K))) = spanR(Φ(Pk(K))) = spanR(Pˇk(K)) ⊂ B(Kˇ)s . (18)
By the previous relation, we can define the linear map
Φ0 : B(K)s ∋ A 7→ Φ(A) ∈ B(Kˇ)s . (19)
Observe that Φ0 is injective: if dim(H) < ∞, by the fact that Φ maps Pk(H) onto itself and by
Lemma 2, so that Φ is injective; if dim(H) =∞ and k > 1, because in this case Φ is injective by
assumption.
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Since Φ0 is an injective linear map, the dimension of its domain coincides with that of its
range: dim(B(K)s) = dim(Bˇ(K)s); hence:
dim(B(K)s) = dim(Bˇ(K)s) ≤ dim(B(Kˇ)s) =⇒ dim(K) ≤ dim(Kˇ) . (20)
On the other hand, we also have:
PˇK = Pˇ + Qˇ =⇒ dim(Kˇ) = dim(ran(PˇK)) ≤ 2k = dim(K) . (21)
Hence, it is now clear that
2k = dim(K) = dim(Kˇ) = dim(ran(PˇK)) = rank(PˇK) , 4k
2 = dim(B(K)s) = dim(B(Kˇ)s) . (22)
Moreover, Φ0 is a bijection and
Φ(B(K)s) = Φ0(B(K)s) = B(Kˇ)s . (23)
Therefore, Φ maps B(K)s bijectively onto B(Kˇ)s and, in particular, it maps Pk(K) bijectively
onto Pk(Kˇ) (note that Φ
−1(Pk(Kˇ)) = B(K)s ∩Pk(H) = Pk(K), because Φ(Pk(H)) = Pk(H)
and Φ is injective).
Now, take any P˜ ∈ Pk(Kˇ) and observe that
PˇK − P˜ = Φ(PK)−Φ(P ) = Φ(PK − P ) , for some P ∈ Pk(K) . (24)
Thus: Q˜ := PˇK − P˜ ∈ Pk(Kˇ). One can choose P˜ in such a way that
P˜ PˇK = PˇK P˜ ; (25)
this amounts to choosing P˜ as the sum of mutually orthogonal rank-one eigenprojections of PˇK.
By the definition of Q˜ and by (25), we have:
Q˜P˜ =
(
PˇK − P˜
)
P˜ = PˇK P˜ − P˜ , P˜ Q˜ = P˜ PˇK − P˜ = PˇKP˜ − P˜ = Q˜P˜ . (26)
It follows that PˇK can be expressed as
PˇK = P˘ + Q˘+ 2R, (27)
where
P˘ := P˜ − P˜ Q˜ , Q˘ := Q˜− P˜ Q˜ and R := P˜ Q˜ = Q˜P˜ (28)
are mutually orthogonal projections (as the reader may easily check); in particular, R is the
projection onto ran(P˜ )∩ran(Q˜). Observe that from the decomposition (27) we derive the following
conclusion about the rank of PˇK (one may equivalently argue using the trace):
2k = rank(PˇK) = rank(P˘ )+rank(Q˘)+rank(R) = (k− rank(R))+(k− rank(R))+rank(R) . (29)
Hence, R = 0 and the projections P˜ , Q˜ are mutually orthogonal, so that PˇK = Φ(PK) = PKˇ is a
projection too, the projection onto the subspace Kˇ.
By the arbitrariness of the 2k-dimensional subspace K, it follows Φ maps P2k(H) into itself,
and the proof is complete.
Proposition 2. Let H be infinite-dimensional, and let Φ be a linear operator in B1(H)s, defined
on dom(Φ) = F (H)s, and mapping Pk(H) onto itself. If k > 1, assume also that Φ is injective.
Then, Φ maps F (H)s bijectively onto itself.
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Proof. If k = 1, the statement is true by Theorem 1. If (dim(H) = ∞ and) k > 1, Φ is injective
by hypothesis, and, exploiting Lemma 1, one concludes that Φ(F (H)s) = F (H)s, as well.
As anticipated, exploiting the previous fact we can now obtain a very useful refinement of
Proposition 1.
Proposition 3. With the same assumptions of Proposition 1, Φ maps F (H)s and Pk(H) bi-
jectively onto themselves, and preserves the mutual orthogonality of elements of Pk(H) in both
directions; i.e.,
P Q = 0 ⇐⇒ Φ(P )Φ(Q) = 0 , P,Q ∈ Pk(H) . (30)
Proof. With the assumptions of Proposition 1, it turns out that Φ maps F (H)s bijectively onto
itself. If dim(H) <∞, by the fact that Φ maps Pk(H) onto itself and by Lemma 2. If dim(H) =∞,
by Proposition 2. In particular, Φ is injective and Φ(Pk(H)) = Pk(H); i.e., it maps Pk(H)
bijectively onto itself.
Then, to complete the proof just observe that the inverse operator Φ−1, which is defined on
dom(Φ−1) = ran(Φ) = F (H)s, of course verifies the assumptions of Proposition 1 too. Hence,
relation (12) actually holds in both directions.
The following lemma is essentially Proposition 2 of [16] (we include the proof here for the
reader’s convenience).
Lemma 3. Suppose that n = dim(H) < ∞ and set m = n − k, for some k ∈ N, with k < n. If
every linear map Ψ: B(H)s → B(H)s, mapping Pm(H) bijectively onto itself, is of the canonical
form (7), then every linear map Φ: B(H)s → B(H)s, mapping Pk(H) bijectively onto itself, is of
that canonical form too.
Proof. Let Φ: B(H)s → B(H)s be linear, and let it map Pk(H) bijectively onto itself, for some
k < n = dim(H); set m = n− k. For any P ∈ Pk(H), Q = P
⊥ = I − P belongs to Pm(H) and
Φ(I)−Φ(Q) = Φ(P ) =: P˜ ∈ Pk(H) . (31)
Consider the projection Q˜ := P˜⊥ = I − P˜ ∈ Pm(H); clearly, by (31),
Q˜ = Φ(Q)− Φ(I) + I . (32)
Therefore, one can define the map
Θ: Pm(H) ∋ Q 7→ Φ(Q)− Φ(I) + I ∈ Pm(H) , (33)
which is a bijection. In fact, it is easy to see that its inverse is given by
Θ−1(Q˜) = (Φ−1(Q˜⊥))⊥, (34)
where we have used the fact that, by Lemma 2, Φ is bijective (this is not essential, however; we
could have replaced Φ−1(Q˜⊥), in (34), with P — {P} = Φ−1({Q˜⊥}) — since Φ is injective on
Pk(H)).
Let us now ‘embed’ the map Θ in the linear map
Ψ: B(H)s ∋ A 7→ Φ(A)−m
−1 tr(A)(Φ(I) − I) ∈ B(H)s . (35)
Observe that Ψ acts precisely like Θ on Pm(H); hence, it maps Pm(H) bijectively onto itself.
Therefore, by hypothesis, Ψ must be of the form
Ψ(A) = UAU∗, ∀A ∈ B(H)s , (36)
where U is a unitary or antiunitary operator in H. It follows that
Φ(A) = UAU∗ +m−1 tr(A)(Φ(I) − I) . (37)
Let us show that the second term on the rhs of this expression vanishes; i.e., that Φ(I)− I = 0.
Indeed, in particular, for A = P ∈ Pk(H), we have:
Pk(H) ∋ P˜ := Φ(P ) = Pˇ +R, Pˇ := UP U
∗ ∈ Pk(H) , R := km
−1 (Φ(I)− I) . (38)
The fact P˜ is a projection entails that
Pˇ +R = P˜ = P˜ 2 = Pˇ +R2 + PˇR+RPˇ =⇒ PˇR+RPˇ = R−R2 . (39)
Hence, taking into account that tr(R) = tr(P˜ )− tr(Pˇ ) = k − k = 0, we find that
2 tr(PˇR) = tr(R)− tr
(
R2
)
= −tr
(
R2
)
≤ 0 . (40)
It is straightforward to check that the previous inequality, which holds for every Pˇ ∈ Pk(H),
together with the fact that tr(R) = 0, implies that R = 0. To this aim, choose Pˇ in (40) as
the sum of mutually orthogonal rank-one eigenprojections of R associated with the eigenvalues
λ1, . . . , λk, having denoted by λ1 ≥ λ2 ≥ · · · the eigenvalues of R, in decreasing order and repeated
according to degeneracy.
4 Main results
The sets Pk(H), k < dim(H), are symmetry witness candidates (in particular, their linear span
is dense in B1(H)s; see Lemma 1). Now, equipped with the results outlined in sect. 2 and with
the technical facts derived in the previous section, we will be able to find out in what cases they
actually are symmetry witnesses.
The linear version of Wigner’s theorem — Theorem 1 — and the result by Sarbicki et al. [16]
— i.e., Theorem 3 — turn out to be special cases of our main theorem.
Theorem 6. Let H be a sparable complex Hilbert space, and let Φ be a linear operator in B1(H)s,
defined on the dense domain dom(Φ) = F (H)s. Suppose that given some k ∈ N — with k = 1, if
dim(H) = 2; with k < n/2 or n/2 < k < n, if 3 ≤ n = dim(H) < ∞; arbitrary, if dim(H) = ∞
— the following conditions are satisfied:
1. Φ(Pk(H)) = Pk(H);
2. Φ is injective.
(If dim(H) <∞ — or dim(H) =∞ and k = 1 — the second hypothesis is superfluous, because it
is actually implied by the first.)
Then, Φ maps F (H)s bijectively onto itself. Moreover, it is closable, and its closure Φ̂ is a
surjective isometry of the form
Φ̂(A) = UAU∗, ∀A ∈ B1(H)s , (41)
where U is a unitary or antiunitary operator in H, uniquely defined up to multiplication by a phase
factor.
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Proof. Observe that, according to Lemma 2 and to Theorem 1, respectively, we have: if H is
finite-dimensional, the hypothesis that Φ maps Pk(H) onto itself — k < dim(H) — implies that
Φ is injective; if dim(H) =∞ and k = 1, the assumption that Φ maps P1(H) onto itself implies,
once again, that Φ is injective. Thus, the above assertion between parentheses is clarified.
Let us now consider first the case where k = 1. If Φ(P1(H)) = P1(H), then, by Theorem 1,
Φ is closable and its closure Φ̂ is of the form (41).
Let us next suppose that k ≥ 2 and, at first, that 2k < dim(H) (thus, dim(H) ≥ 5), so
that the assumptions of both Proposition 3 — that coincide with those of Proposition 1 — and
Theorem 5 are satisfied. By the first result, the operator Φ, which maps Pk(H) bijectively onto
itself, preserves the mutual orthogonality of the elements of Pk(H), in both directions. Then, by
Theorem 5, for every P ∈ Pk(H), we have that Φ(P ) = UP U
∗, for some unitary or antiunitary
operator U in H. By Lemma 1, this form of the operator Φ extends by linearity to its domain
dom(Φ) = F (H)s = spanR(Pk(H)). Then, by the density of F (H)s in B1(H)s, Φ extends to the
surjective isometry Φ̂ defined by (41), which is the closure of Φ.
It remains to consider the case where 3 ≤ n = dim(H) <∞ and n/2 < k < n (k ≥ 2). Notice
that, in this case, using Lemma 3 — with 1 ≤ m = n − k < n/2 — one can reduce the problem
to one of the previously considered cases where 1 ≤ k < n/2 = dim(H) <∞.
Finally, the fact that the unitary or antiunitary operator U in (41) is uniquely defined up to
a phase factor follows from Wigner’s theorem.
Remark 5. Note that in the preceding proof we have used two different techniques. For k = 1, we
have referred to Theorem 1, whose proof relies on a classical result of Davies [12, 17]. For k > 1,
instead, we have exploited a generalization of Ulhorn’s theorem; i.e., Theorem 5. However, in the
finite-dimensional setting we may have adopted the latter technique for k = 1 too, with the only
exception of the case where dim(H) = 2. This, in fact, is the well known peculiar exception to
Ulhorn’s theorem.
Remark 6. Clearly, for 3 ≤ n = dim(H) < ∞, the constraints on k in Theorem 6 entail that, for
n odd, every value of k < n allows one to apply our result, whereas, for n ≥ 4 and even, the value
k = n/2 is not contemplated.
Actually, the following counter-example shows that the conclusion of the theorem does not
hold in that particular case. Consider the linear map Λ[k] : B(H)s ≡ B1(H)s → B(H)s — with
2 ≤ n = dim(H) = 2k, k ∈ N — defined by
Λ[k](A) := k−1 tr(A) I −A. (42)
This map is trace-preserving and unital, but, for k > 1, not positive. Notice that, for k > 1, it
maps every pure state to a non-positive operator of rank n − 1 = 2k − 1 6= 1. Λ[k] maps Pk(H)
bijectively onto itself, but, for k > 1, it is not a symmetry transformation.1 It is also worth
observing that
Λ[k] ◦ Λ[k] = Id and Λ[k](UAU∗) = UΛ[k](A)U∗, (43)
where U is a unitary or antiunitary operator in H. Thus, one can define the map
Λ[k]U : B(H)s ∋ A 7→ Λ
[k](UAU∗) ∈ B(H)s , (44)
which, once again, is trace-preserving and unital, but, for k > 1, not positive. Observe, moreover,
that by relations (43) the map Λ[k]U ◦ Λ
[k]
U is always a unitary transformation.
1For k = 1, we get the celebrated reduction map Λ[1], which, represented in terms of 2 × 2 hermitian matrices
associated with an orthonormal basis, is the formM 7→ σyM
T
σy ; thus, a symmetry transformation, coherently with
Theorem 6.
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Remark 7. Let us notice explicitly that Theorem 6 entails that the symmetry witness candidate
Pk(H) — with the previously specified constraints on k — is actually a symmetry witness. In
fact, if a linear operator Φ in B1(H)s, densely defined on dom(Φ) = spanR(Pk(H)) = F (H)s,
maps Pk(H) onto itself and is injective, then it acts as a unitary or antiunitary transformation.
From Theorem 6 and the previous two remarks, we derive the following fact.
Corollary 1. Theorem 6 provides a complete classification of the sets of projections of a fixed
rank that are symmetry witnesses. In particular, in the case where 4 ≤ n = dim(H) < ∞ and n
is even, a linear operator in B(H)s mapping Pn
2
(H) onto itself is a trace-preserving and unital
bijection, but not, in general, a symmetry witness.
Proof. The only assertion to be proven is the one concerning Pn
2
(H). Indeed, if a linear map
Φ: B(H)s → B(H)s, with 4 ≤ n = dim(H) < ∞ and n even, maps Pn
2
(H) onto itself, it is
bijective (by Lemma 2) and trace-preserving. Moreover, by Proposition 3, expressing the identity
in B(H)s as the sum of two mutually orthogonal projections of rank n/2, it is clear that Φ(I) = I,
because the mutual orthogonality of these projections is preserved by Φ.
Recalling Remark 4, observe that the sets of projections of a fixed rank that are symmetry
witnesses are, in particular, projectable positive symmetry witnesses.
Corollary 2. Let Φ be a linear operator in B1(H)s, defined on dom(Φ) = F (H)s and mapping
the set Sk(H)u = ̟(Pk(H)), of uniform density operators of a fixed rank k < dim(H), onto itself.
Suppose, moreover, that
• in the case where dim(H) =∞ and k > 1, Φ is injective;
• in the case where 2 < 2k = dim(H) <∞, Φ is positive.
Then, the operator Φ is closable, and its closure Φ̂ is a surjective isometry of the form (41). If
k < dim(H) and — for dim(H) ≥ 4 — 2k 6= dim(H), Sk(H)u is a symmetry witness; otherwise,
it is not.
Proof. Taking into account Theorem 6, Corollary 1 and Remark 4, the only case that we still need
to prove is 2k = dim(H) < ∞, k > 1, with Φ assumed to be positive. By Corollary 1, we know
that Φ is unital, as well. Hence, by Theorem 4, Φ is a unitary or antiunitary transformation.
To conclude this section, it is interesting to consider how Theorem 6 would be expressed if we
had chosen to work in the complex Banach space B1(H) of all trace class operators, rather than
in the real Banach space B1(H)s.
Then, let ΦC be a linear operator in B1(H), with dom(Φ) = F (H) (the linear manifold of
finite rank operators in B1(H)), and — for some k ∈ N satisfying the constraints specified in the
statement of Theorem 6 — let ΦC map Pk(H) onto itself. If H is infinite-dimensional and k > 1,
let us further assume that ΦC be injective. Since spanR(Pk(H)) = F (H)s = F (H) ∩B1(H)s,
the operator ΦC is adjoint-preserving — ΦC(F
∗) = ΦC(F )
∗ — and ΦC(F (H)s) ⊂ F (H)s. Hence,
ΦC induces a linear operator Φ in the real Banach space B1(H)s, with dom(Φ) = F (H)s — i.e.,
Φ(A) := ΦC(A), A ∈ F (H)s — that satisfies the assumptions of Theorem 6. It follows that Φ
is closable, and its closure Φ̂ is a unitary or antiunitary transformation in B1(H)s. Besides, Φ
determines ΦC completely; i.e.,
ΦC(A+ iB) = Φ(A) + iΦ(B) , A,B ∈ B1(H)s . (45)
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Therefore, ΦC is closable too, and its closure Φ̂C is a surjective isometry in B1(H), which we will
now describe. By (45), it is clear that Φ̂C is either of the form
Φ̂C(C) = UC U
∗, ∀C ∈ B1(H) , (46)
for some unitary operator U , or of the form
Φ̂C(C) = UC
∗U∗, ∀C ∈ B1(H) , (47)
for some antiunitary operator U . Here, it is clear that we may have considered, equivalently,
the transformations generated by unitary operators only, possibly composed with a transposition
associated with an orthonormal basis. Interestingly, for dim(H) = 2k, k ∈ N, considering the
natural extension to B(H) ≡ B1(H) of the linear map Λ
[k] defined by (42) (extension which we
will still denote by the same symbol), one can again define as in (42) the related map Λ[k]U , for U
unitary; whereas — if U is antiunitary, instead — one has to set
Λ[k]U(C) := k
−1 tr(C) I − UC∗U∗ = Λ[k](UC∗U∗) = U (Λ[k](C))∗U∗ . (48)
Here we have used the fact that, for U antiunitary, tr(UC∗U∗) = tr(C). Note that, as in the real
setting, Λ[k]U ◦ Λ
[k]
U is always a unitary transformation.
5 Final remarks and conclusions
A symmetry witness is a suitable subsetW of the space B1(H)s of selfadjoint trace class operators
that allows one to determine whether an injective linear operator Φ in B1(H)s, whose domain
contains W, is a symmetry transformation, depending on whether it leaves the witness invariant;
i.e., whether Φ(W) = W. We observe explicitly that it is not the detailed action of the operator
which is relevant here: the only relevant information is whether or notW is invariant with respect
to Φ.
By a version of Wigner’s theorem — see Theorem 1 — the set of pure states P1(H) is the
prototype of a symmetry witness. The fact that dealing with linear maps makes the assumption
of preservation of transition probabilities superfluous is known, at least in the finite-dimensional
case [9, 16]. Further examples of symmetry witnesses are the convex body S (H) of all states
(Remark 1) and the convex set FS (H) ⊂ S (H) of finite-rank density operators (Theorem 2).
By a natural generalization of Theorem 1 — i.e., by our main result, Theorem 6 — the set
Pk(H), k < dim(H), of projections of a (finite) fixed rank is a symmetry witness too, with the
only exception — in the case where 4 ≤ n = dim(H) < ∞ and with n even — of the value
k = n/2. In this particular case, a linear operator Φ mapping Pn
2
(H) bijectively onto itself is a
trace-preserving and unital linear bijection, but, in general, not a symmetry transformation. One
obtains a symmetry transformation by further assuming that Φ be a positive map. Therefore,
Pn
2
(H) may be regarded as a conditional symmetry witness.
The previously classified symmetry witnesses are positive (i.e., consist of positive operators)
and projectable; namely, they give rise, via the map ̟ : B1(H)
±
∗ → S (H), to the symmetry
witnesses Sk(H)u that have a direct physical interpretation. They are formed by those density
operators of a (finite) fixed rank whose eigenvalues form a uniform (i.e., constant) probability
distribution. Note, moreover, that the set Sk(H)u has a precise meaning in relation with the
natural majorization preorder in S (H) (see [21, 22], and references therein). It consists of those
elements that are minimal, with respect to majorization, among all elements of S (H) of rank not
larger than k.
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The mentioned results provide a complete solution of a problem considered in [16]: to achieve
a generalization of Wigner’s theorem in terms of projections of a fixed rank. The problem is
solved in [16] in the finite-dimensional setting, with the assumption n = dim(H) be a prime
number; see Theorem 3. A problem of this kind has been also considered in [18] — see Theorem 4
— in a different setting. Namely, the sets of a (finite) fixed rank projections are embedded
in the Banach space of bounded operators; i.e., in the dual of the Banach space of trace class
operators. Moreover, the linear operators are assumed to be positive and unital in [18]. Clearly,
a direct comparison with the results of [16], and with those obtained in the present contribution,
is possible in the finite-dimensional setting only. It turns out that, in this case, both positivity
and unitality can be dispensed with, with the only exception of the previously mentioned case of
Pn
2
(H), for n = dim(H) ≥ 4 and even. For these values of n, unitality is automatically satisfied
by a linear map mapping Pn
2
(H) onto itself, whereas positivity entails that the map is a symmetry
transformation. In this regard, we stress that considering the real Banach space B1(H)s versus
the complex Banach space B1(H) as a general setting is immaterial; see the discussion concluding
sect. 4.
As a final remark, we observe that, according to an interesting conjecture [16], in the case
where 4 ≤ n = dim(H) <∞ and n is even, every linear map in B(H)s mapping Pn
2
(H) onto itself
would be either a symmetry transformation or a (trace-preserving, unital but) non-positive map
of the form Λ[k]U ; see (44). It is not clear, at the moment, whether our results can shed new light
on this intriguing problem too. Certainly, the conjecture can now be reconsidered in a somewhat
clearer general context.
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